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The Exp-function method has been widely used to solve different kinds of nonlinear
partial differential equations. These nonlinear partial differential equations are transformed
ﬁrst into nonlinear ordinary differential equations and then the ansatz of the Exp-
function method: u =
∑p
n=−c an exp(nη)∑q
m=−d bm exp(mη)
is applied to obtain the solution. However, a part
of the solution using this method is to construct the relations between c, p, d and q
by balancing the highest order linear term with the highest order nonlinear term. It
is proved in the present paper that c = d and p = q are the only relations that can
be obtained by applying this method to any nonlinear ordinary differential equation.
Therefore, the additional calculations of balancing the highest order linear term with
the highest order nonlinear term are not longer required in future. Hence, the method
becomes more straightforward.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
In 2006, He and Wu [1] have introduced the Exp-function method to obtain the solitary solutions and the periodic
solutions of nonlinear wave equations. During the past ﬁve years, the method has been widely used to solve different
kinds of nonlinear partial differential equations [2–16]. The main idea of this method is to transform the given (1 + 1)-
dimensional nonlinear partial differential equation N(u,ut ,ux,uxx,utt ,utx, . . .) = 0, or the (2 + 1)-dimensional nonlinear
PDE N(u,ut ,ux,uy,utt ,uxx, . . .) = 0, or any higher-dimensional nonlinear PDE into an ordinary differential equation (ODE)
with a new independent variable η and then applying the ansatz u =
∑p
n=−c an exp(nη)∑q
m=−d bm exp(mη)
to solve this ODE. By implementing
this ansatz one can get the relations between c, p, d and q by balancing the highest order linear term with the highest order
nonlinear term. However, it was observed from the previous published papers [1–16] that the relations c = d and p = q are
usually obtained. Examples for some nonlinear PDEs on which the method was applied and in which this observation is
found are as follows.
In [1], He and Wu applied the method to search for solitary and periodic solutions for modiﬁed KdV equation
ut +u2ux +uxxx = 0, and Dodd–Bullough–Mikhailov equation uxt +eu +e−2u = 0. Ebaid [3] showed the possibility of solving
Burgers equation ut + uux − νuxx = 0, by the Exp-function method. He also obtained the exact solutions for the KdV equa-
tion ut + αuux + βuxxx = 0, and the extended KdV equation ut + puux + qu2ux + uxxx = 0. The generalized solitary solution
and compacton-like solution of the Jaulent–Miodek equations:
ut + uxxx + 3
2
vvxxx + 9
2
vxvxx − 6uux − 6uvvx − 3
2
uxv
2 = 0,
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2
vxv
2 = 0,
were obtained by He and Zhang [5]. The method was also used to solve different nonlinear wave equations, general-
ized Klein–Gordon equation [6], utt − c20uxx + αu − βuγ = 0, evolution equations with nonlinear terms of any orders [7],
(2+ 1)-dimensional Konopelchenko–Dubrovsky equations [8], the Schwarzian Korteweg–de Vries equation [9], Broer–Kaup–
Kupershmidt equations [10], nonlinear evolution equations with variable coeﬃcients [11], ﬁfth order KdV equation and
modiﬁed Burgers equation [12], reaction–diffusion equations [13].
It is proved in this paper that the relations c = d and p = q are the only that can be obtained through applying the Exp-
function ansatz for all possible cases of nonlinear ODEs. Hence, no need to balance the highest order linear and nonlinear
terms anymore. In addition, He and Wu [1] showed that the ﬁnal solution is always the same whatever the choices of
values of c, p, d and q. Accordingly, the simplest choice c = d = 1 and p = q = 1 has to be only considered. Therefore, we
can directly use the ansatz: u(η) = a1 exp(η)+a0+a−1 exp(−η)exp(η)+b0+b−1 exp(−η) , to solve the required nonlinear ODE.
The paper is organized as follows. In Section 2, the Exp-function method is introduced. In Section 3, a general formula
will be derived. In Sections 4, 5, 6 and 7 the proof of four basic theorems on the ansatz of the Exp-function method will be
discussed in details. We conclude this paper with Section 8.
2. The Exp-function method
Consider the given (1+ 1)-dimensional nonlinear wave equation
N(u,ut ,ux,uxx,utt,utx, . . .) = 0, (1a)
or the (2+ 1)-dimensional nonlinear PDE
N(u,ut ,ux,uy,uxx,utt,uyy,uxy, . . .) = 0. (1b)
Seeking for the wave solution for Eq. (1a) requires the transformation:
u = u(η), η = μ(x− ωt). (2a)
For Eq. (1b), the wave solution requires the transformation:
u = u(ξ), ξ = x+ αy + βt. (2b)
Consequently, Eq. (1a) is reduced to the ODE:
N
(
u,−μωu′,μu′,μ2u′′,μ2ω2u′′,−μ2ωu′′, . . .)= 0, u = u(η), (3a)
and Eq. (1b) is reduced to
N
(
u, βu′,u′,αu′,u′′, β2u′′,α2u′′,αu′′, . . .
)= 0, u = u(ξ). (3b)
The Exp-function method ansatz is expressed in the form:
u(η) =
∑p
n=−c an exp(nη)∑q
m=−d bm exp(mη)
= a−c exp(−cη) + · · · + ap exp(pη)
b−d exp(−dη) + · · · + bq exp(qη) , (4)
which can be applied to solve Eq. (3a), a similar ansatz can be also applied to solve Eq. (3b).
3. General formula
On using the ansatz given by Eq. (4), then the following derivatives are resulted
u(1)(η) = τ1 exp[−(c + d)η] + · · · + σ1 exp[(p + q)η]
1 exp[(−2d)η] + · · · + Γ1 exp[(2q)η] ,
u(2)(η) = τ2 exp[−(c + 3d)η] + · · · + σ2 exp[(p + 3q)η]
2 exp[(−4d)η] + · · · + Γ2 exp[(4q)η] ,
u(3)(η) = τ3 exp[−(c + 7d)η] + · · · + σ3 exp[(p + 7q)η]
3 exp[(−8d)η] + · · · + Γ3 exp[(8q)η] ,
u(4)(η) = τ4 exp[−(c + 15d)η] + · · · + σ4 exp[(p + 15q)η]
4 exp[(−16d)η] + · · · + Γ4 exp[(16q)η] , (5)
...
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u(r)(η) = τr exp[−(c + (2
r − 1)d)η] + · · · + σr exp[(p + (2r − 1)q)η]
r exp[(−2rd)η] + · · · + Γr exp[(2rq)η] . (6)
This formula for the r-derivative of u(η) will be used in the next section to explore the mathematical aspect of the Exp-
function ansatz.
4. Theorem 1
Theorem 1. Suppose that u(r) and uγ are respectively the highest order linear term and the highest order nonlinear term of a nonlinear
ODE, where r and γ are both positive integers. Then the balancing procedure using the Exp-function ansatz; u(η) =
∑p
n=−c anexp(nη)∑q
m=−d bm exp(mη)
leads to c = d and p = q, ∀r  1, ∀γ  2.
Proof. Assuming that γ is a positive integer we then have from the Exp-function ansatz:
uγ =
( ∑p
n=−c an exp(nη)∑q
m=−d bm exp(mη)
)γ
= a
γ
−c exp(−γ cη) + · · · + aγp exp(γ pη)
bγ−d exp(−γ dη) + · · · + bγq exp(γ qη)
. (7)
In order to balance the linear term of the highest derivative u(r) with the highest nonlinear term uγ , we ﬁrst rewrite u(r)
as
u(r) = τr exp[−(c + (2
r − 1)d)η] + · · · + σr exp[(p + (2r − 1)q)η]
r exp[(−2rd)η] + · · · + Γr exp[(2rq)η] ×
bγ−d exp(−γ dη) + · · · + bγq exp(γ qη)
bγ−d exp(−γ dη) + · · · + bγq exp(γ qη)
= τrb
γ
−d exp[−(c + (2r − 1+ γ )d)η] + · · · + σrbγq exp[(p + (2r − 1+ γ )q)η]
rb
γ
−d exp[−(2r + γ )dη] + · · · + Γrbγq exp[(2r + γ )qη]
. (8)
Also from Eq. (7) we obtain
uγ = a
γ
−c exp(−γ cη) + · · · + aγp exp(γ pη)
bγ−d exp(−γ dη) + · · · + bγq exp(γ qη)
× r exp[(−2
rd)η] + · · · + Γr exp[(2rq)η]
r exp[(−2rd)η] + · · · + Γr exp[(2rq)η]
= ra
γ
−c exp[−(2rd + γ c)η] + · · · + Γraγp exp[(2rq + γ p)η]
rb
γ
−d exp[−(2r + γ )dη] + · · · + Γrbγq exp[(2r + γ )qη]
. (9)
On balancing the lowest and the highest order of the Exp-function in Eqs. (8) and (9), it then follows
−(c + (2r − 1+ γ )d)= −(2rd + γ c),
p + (2r − 1+ γ )q = (2rq + γ p). (10)
Simplifying the last two equations yields
(γ − 1)d = (γ − 1)c,
(γ − 1)p = (γ − 1)q. (11)
Noting that γ  2, we ﬁnd from Eqs. (11) that c = d and p = q, and this completes the proof. 
5. Theorem 2
Theorem 2. Suppose that u(r) and u(s)uk are respectively the highest order linear term and the highest order nonlinear term of a
nonlinear ODE, where r, s and k are all positive integers. Then the balancing procedure using the Exp-function ansatz leads to c = d
and p = q, ∀r, s,k 1.
Proof. Let r, s and k be positive integers. The nonlinear term u(s)uk can be evaluated by using the general formula given by
Eq. (6) and the Exp-function ansatz as
u(s)uk = τs exp[−(c + (2
s − 1)d)η] + · · · + σs exp[(p + (2s − 1)q)η]
s exp[(−2sd)η] + · · · + Γs exp[(2sq)η] ×
bk−c exp(−kcη) + · · · + bkp exp(kpη)
bk−d exp(−kdη) + · · · + bkq exp(kqη)
= τsb
k−c exp[−((k + 1)c + (2s − 1)d)η] + · · · + σsbkp exp[((k + 1)p + (2s − 1)q)η]
 bk exp[−(2s + k)dη] + · · · + Γ bk exp[(2s + k)qη] . (12)s −d s q
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r exp
[(−2rd)η]+ · · · + Γr exp[(2rq)η]),
we then get
u(s)uk = α1 exp[−((k + 1)c + (2
s + 2r − 1)d)η] + · · · + α2 exp[((k + 1)p + (2s + 2r − 1)q)η]
β1 exp[−(2s + 2r + k)dη] + · · · + β2 exp[(2s + 2r + k)qη] , (13)
where α1, α2, β1 and β2 are constants and given as
α1 = rτsbk−c, α2 = Γrσsbkp,
β1 = rsbk−d, β2 = ΓrΓsbkq. (14)
On multiplying both numerator and denominator of the R.H.S of u(r) by
(
sb
k
−d exp
[−(2s + k)dη]+ · · · + Γsbkq exp[(2s + k)qη]),
we obtain
u(r) = δ1 exp[−(c + (2
r + 2s + k − 1)d)η] + · · · + δ2 exp[(p + (2r + 2s + k − 1)q)η]
β1 exp[−(2r + 2s + k)dη] + · · · + β2 exp[(2r + 2s + k)qη] , (15)
where δ1 and δ2 are given by
δ1 = τrsbk−d, δ2 = σrΓsbkq. (16)
In view of Eqs. (13) and (15) and balancing the lowest and the highest order of the Exp-function, we get
−((k + 1)c + (2s + 2r − 1)d)= −(c + (2r + 2s + k − 1)d),
(k + 1)p + (2s + 2r − 1)q = p + (2r + 2s + k − 1)q. (17)
These equations can be also simpliﬁed to give c = d and p = q, hence, the proof is completed.
6. Theorem 3
Theorem 3. Let u(r) and (u(s))Ω be respectively the highest order linear term and the highest order nonlinear term of a nonlinear ODE,
where r, s and Ω are all positive integers. Then the balancing procedure using the Exp-function ansatz leads to c = d and p = q, ∀r,
s 1, ∀Ω  2.
Proof. Proceeding as above, the nonlinear term (u(s))Ω can be evaluated by using the general formula given by Eq. (6) as
(
u(s)
)Ω = 1 exp[−[(c + (2s − 1)d)Ω + 2rd]η] + · · · + 2 exp[[(p + (2s − 1)q)Ω + 2rq]η]
3 exp[−(2sΩ + 2r)dη] + · · · + 4 exp[(2sΩ + 2r)qη] , (18)
where 1, 2, 3 and 4 are constants. Also u(r) can be written as
u(r) = χ1 exp[−(c + (2
r − 1)d + 2sΩd)η] + · · · + χ2 exp[(p + (2r − 1)q + 2sΩq)η]
χ3 exp[−(2sΩ + 2r)dη] + · · · + χ4 exp[(2sΩ + 2r)qη] , (19)
where χ1, χ2, χ3 and χ4 are also constants. The balancing procedure leads to the system:
−[(c + (2s − 1)d)Ω + 2rd]= −(c + (2r − 1)d + 2sΩd),(
p + (2s − 1)q)Ω + 2rq = (p + (2r − 1)q + 2sΩq). (20)
On simplifying this system we then have
(Ω − 1)(c − d) = 0,
(Ω − 1)(p − q) = 0. (21)
Noting that Ω = 1, the system above requires that c = d and p = q, and this completes the proof.
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Theorem 4. Suppose that u(r) and (u(s))Ωuλ are respectively the highest order linear term and the highest order nonlinear term of a
nonlinear ODE, where r, s, Ω and λ are all positive integers. Then the balancing procedure using the Exp-function ansatz leads to c = d
and p = q, ∀r, s,Ω,λ 1.
Proof. On using Eqs. (4) and (6) we can rewrite u(r) and (u(s))Ωuλ as
(
u(s)
)Ω
uλ = 5 exp[−[(c + (2
s − 1)d)Ω + 2rd + λc]η] + · · · + 6 exp[[(p + (2s − 1)q)Ω + 2rq + λp]η]
7 exp[−(2sΩ + 2r + λ)dη] + · · · + 8 exp[(2sΩ + 2r + λ)qη] , (22)
and
u(r) = χ5 exp[−(c + (2
r + 2sΩ + λ − 1)d)η] + · · · + χ6 exp[(p + (2r + 2sΩ + λ − 1)q)η]
χ7 exp[−(2sΩ + 2r + λ)dη] + · · · + χ8 exp[(2sΩ + 2r + λ)qη] , (23)
where i and χi , i = 5, . . . ,8, are constants. From Eqs. (22) and (23) we obtain
−[(c + (2s − 1)d)Ω + 2rd + λc]= −(c + (2r + 2sΩ + λ − 1)d),(
p + (2s − 1)q)Ω + 2rq + λp = (p + (2r + 2sΩ + λ − 1)q), (24)
which can be simpliﬁed as
(λ + Ω − 1)(c − d) = 0,
(λ + Ω − 1)(p − q) = 0. (25)
Noting that λ + Ω − 1 = 0, ∀λ,Ω  1, we obtain c = d and p = q, and this completes the proof.
8. Conclusions
New results on the Exp-function method have been obtained in this paper. The results showed that c = d and p = q
are the only relations that can be obtained through applying the Exp-function ansatz for all possible cases of nonlinear
ODEs. Hence, no need to balance the highest order linear and nonlinear terms anymore. Therefore, the method can be used
directly to search for the solution without performing any additional calculations to balance the highest order linear term
with the highest order nonlinear term. According to He and Wu [1], the ﬁnal solution is always the same whatever the
choices of values of c, p, d and q, consequently, the simplest choice c = d = 1 and p = q = 1 has to be only considered.
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